It is a generally accepted fact of laser physics that in a homogeneously broadened gain medium, above threshold the output power of the laser grows linearly with the pump power. The derivation requires only a few simple lines in laser textbooks, and the linear growth is a direct result of the fact that above threshold, the intracavity optical intensity will increase to the point that the gain is saturated to the level of the net loss-so-called gain pinning or clamping. Such a derivation, however, assumes that the mirror loss is distributed (the approximation of uniform gain saturation) which is only a good assumption for cavities whose end mirrors have reflectivities close to one. Furthermore, in gain media with a distributed loss there is a maximum achievable intracavity intensity that in turn limits the output power. We show that the approximation of uniform gain saturation leads to output powers that violate this limit. More generally, for lasers with low mirror reflectivities that also have distributed loss, we prove that the output power grows sublinearly with the pump power close to threshold. Furthermore, after threshold the output grows linearly, but with a slope efficiency that can be substantially smaller than predicted by the uniform gain saturation theory, with the largest deviation occurring for traveling-wave lasers and asymmetric Fabry-Perot lasers. These results are particularly applicable to semiconductor lasers, and specific applications to quantum cascade lasers are discussed.
INTRODUCTION
One of the signature characteristics of laser action in homogeneously broadened media is the linear growth of the output power with the pump power above the lasing threshold. In textbook derivations [1] [2] [3] [4] [5] [6] [7] this behavior is seen to be the direct result of gain clamping: above threshold, a steady state can only be reached when the intracavity optical intensity is such that the rate of stimulated emission reduces the population inversion to its threshold value, thereby always pinning the gain to the level of the net loss. Such a derivation, however, assumes that the gain saturates uniformly (in other words, that the intensity is constant throughout the gain medium) which is only a good assumption for lasers with high-reflectivity end mirrors. Surprisingly, we will show that this assumption also leads to the correct output power in the absence of distributed loss, no matter how small the reflectivities of the end mirrors. However, the uniform gain saturation approximation leads to unphysical predictions for the output power in cavities with large out-coupling that also contain a distributed intrinsic loss. The key point is that an unsaturable distributed loss imposes a maximum attainable intracavity intensity (which increases with the pump power) at which the number of photons generated by the saturated gain per unit length is equal to the number of photons discarded per unit length by the loss [8] [9] [10] . The uniform gain saturation treatment does not properly account for this simple fact, causing it to overestimate the output power of the laser. We will apply the equations first popularized by Rigrod [9, [11] [12] [13] [14] [15] to account for the nonuniformity of the gain saturation and the lumped mirror losses, and demonstrate that, in the presence of distributed loss, the output power grows sublinearly with the pump power after threshold. Furthermore, past threshold the output grows linearly, but with a slope efficiency that can be significantly less than researchers would expect from the uniform gain saturation theory. The deviation of the output power from the prediction of the uniform gain saturation theory is largest for traveling-wave lasers (which display the largest variation in intracavity intensity) and also very significant for highly asymmetric Fabry-Perot (FP) cavities (i.e., one mirror with reflectivity much larger than the other). In symmetric FP cavities the deviation is the smallest, but can still be significant for particularly large values of distributed loss and out-coupling.
Much work has been done on diode lasers (the prototypical example of a laser with low facet reflectivities) to understand the nonuniformity of the gain and intracavity intensity. In this context the nonuniformity is often referred to as (long-range) spatial hole burning (SHB), but we prefer to reserve the term SHB to describe only the (short-range) nonuniformity due to standing-wave effects. An early theoretical work to understand the nonuniformity was given in [16] , and experiments have confirmed the expected longitudinal gain distribution [17, 18] . The fact that a nonuniform intensity distribution, in the absence of distributed loss, does not affect the power output was noted in [19] , and we will generalize this result. The impact of distributed loss on the slope efficiency for a few specific cases was well-illustrated both computationally and experimentally in [20] , but the understanding of the effect was limited. Our goal is to provide a physical understanding of the sublinear power output, which is a simple consequence of the intracavity intensity limit imposed by the distributed loss.
In what follows, we begin by explaining the geometry of the ring and FP lasers under consideration and introduce the Rigrod equation for homogeneously broadened gain media. A physical picture is presented to understand the uniform gain approximation in which the lumped transmission losses at the mirrors are replaced with a distributed out-coupling loss. With this picture in mind, it is simple to understand why the uniform gain approximation must fail for lasers with distributed intrinsic loss. Then, taking into account nonuniform gain saturation, we first analyze the traveling-wave laser, which yields an explicit formula for the output power. We also draw general conclusions about the behavior of both symmetric and asymmetric FP lasers, and compare them to the ring. We provide simple formulas that allow one to determine when the nonuniform gain saturation treatment should be used, and to estimate the magnitude of the discrepancy between the two theories. Finally, we point out how these new results are used to optimize laser design, using the quantum cascade laser (QCL) as a model system. A FP laser cavity is shown in Fig. 1(a) , which comprises a gain medium of length L placed between two lossless mirrors with reflectivities R 1 and R 2 (and transmissivities 1 − R 1 and 1 − R 2 ). The facets of the gain medium itself do not reflect, either through the use of Brewster-cut facets or anti-reflection coatings. The intensity envelopes of the right-and left-propagating waves are I z and I − z. Following the notation of [12] , we will use the dimensionless ratios β z I z∕I sat and β − z I − z∕I sat , where I sat is the saturation intensity of the medium. The unsaturated gain, which is typically proportional to the pump power, is g 0 per unit length, and the distributed intrinsic loss is α 0 per unit length. We take g 0 to be independent of position, which assumes uniform temperature and, for injection lasers, uniform current density [16, 17] . In Fig. 1(b) , the same gain medium is employed in a travelingwave configuration by placing it within a ring cavity comprising two perfect reflectors and one out-coupling mirror of reflectivity R. We will consider the unidirectional mode for which only β is nonzero (achieved in practice with an optical isolator).
For a homogeneously broadened gain medium, the intensity envelopes obey the equations [1, [12] [13] [14] [15] 21] 
We will consider only the homogeneously broadened case here; special cases of inhomogeneous broadening are discussed in [9, 21, 22] . By dealing only with the intensity envelope of the field, population grating effects resulting from SHB are not taken into account, but this treatment is nevertheless known to yield results in good agreement with experiment [1] . Equation (1) applies strictly to a single transverse and longitudinal mode; in a multimode laser the shape of the gain spectrum becomes important as does the mutual cross saturation of the various frequency components. While SHB is known to lead to multimode operation in homogeneously broadened lasers [21] , SHB is not as significant in ring and asymmetric FP lasers, which display predominantly traveling-wave rather than standing-wave character. It is worth noting that our main Research Article conclusion in this paper is most relevant to these two types of cavities where SHB is less important. Moreover, we expect our conclusions to still be valid in the multimode regime because the essential physics behind the results (namely, the intensity limit imposed by the distributed loss) is very general. While Eq. (1), together with appropriate boundary conditions, is needed to solve for the laser output power above threshold, exactly at threshold the gain is completely unsaturated (i.e., intensity is zero) so the threshold condition is derived simply by demanding that the roundtrip unsaturated gain compensates both the intrinsic and out-coupling losses of the cavity. (Note that this derivation applies only when spontaneous emission is very weak, which is a good assumption for many kinds of lasers. A treatment that includes gain saturation at threshold due to spontaneous emission is given in [23, 24] ). To facilitate comparisons between the FP and ring lasers, we choose the reflectivity of the ring out-coupler to be R ffiffiffiffiffiffiffiffiffiffi R 1 R 2 p so that both cavities have the same threshold, given by
DISTRIBUTED LOSS APPROXIMATION
The second term on the right-hand side of Eq. (2) is commonly called the mirror loss α m ln1∕R∕L, so that the total loss can be written as α 0 α m . We emphasize, however, that these two contributions to the loss behave very differently, α 0 being a distributed loss and α m a lumped loss. A significant approximation made in textbook derivations of the laser output power [6, 7] , although not always explicitly stated, is to treat α m as a distributed loss. In this way, all losses of the cavity become distributed, so we will refer to this as the distributed loss approximation (DLA). One way to think of the DLA is to imagine that the end mirrors of the cavity are replaced by perfect reflectors, and light escapes instead from any point within the gain medium with decay constant α m . (Equivalently, a photon escape time τ esc is often defined as τ −1 esc ≡ α m v g , where v g is the group velocity of light in the cavity). Because the end mirrors have unity reflectivity, in the steady state the intracavity intensity does not vary with position; the saturated gain is exactly cancelled by the sum of the intrinsic loss and mirror loss at every position in the cavity. The DLA is therefore more commonly referred to as the uniform gain saturation approximation. Mathematically, Eq. (1) becomes
where β ≡ β β − is the total intensity. Equation (3) is easily solved for β and multiplied by the distributed out-coupling α m L (as opposed to the lumped out-coupling 1 − R, which is not the relevant out-coupling in the DLA) to get the total out-coupled intensity
Equation (4) is the well-known formula for the output power of a laser. In the DLA, both the FP and ring lasers emit the same intensity β out DLA . Note that the linearity of β out DLA with the unsaturated gain g 0 (and therefore, in most cases, the pump power) follows from the DLA almost immediately.
There is a critical shortcoming of the DLA that is easy to understand. In a gain medium with intrinsic loss, whether an amplifier or a laser, there is a maximum attainable intracavity intensity β max at which the number of photons generated by stimulated emission per unit length is exactly equal to the number of photons dissipated by the intrinsic loss per unit length [8] [9] [10] . By setting Eq. (1) to zero, we find that the total steady-state intracavity intensity, β β − , cannot exceed
at any position. This, in turn, places an upper limit on the outcoupled intensity. For simplicity, we consider the ring laser to explain the basic point: the output cannot exceed the mirror transmission times β max β out;max ring
[Similar formulas apply to the FP laser in Eqs. (17) and (18) .] It turns out that the DLA, by way of replacing the lumped mirror transmission 1 − R with the distributed outcoupling α m L, yields predictions for the output intensity that violate this maximum under certain conditions. Specifically, whenever the slope efficiency of β out DLA is greater than the slope of β
the sketch in Fig. 2 illustrates that β out DLA will exceed β out;max ring above some value for g 0 . In the next section we will solve explicitly for the output β out ring taking into account nonuniform gain saturation, but we can already guess that the curve should resemble the dotted line in Fig. 2 : it has the same threshold as the DLA predicts, but the output power must eventually be limited by β out;max ring . The parameter ranges of α 0 L and R that satisfy Inequality (7) are shown in light blue in the inset; in general, as α 0 L becomes larger and R smaller, the limiting influence of β max becomes more relevant and nonuniform gain saturation must be accounted for. For example, for semiconductor lasers (R ≈ 0.3), Fig. 2 indicates that the DLA is certainly problematic when α 0 L exceeds the value of 1.7, and we will show in subsequent sections that the discrepancy is measurable even for smaller values of α 0 L.
NONUNIFORM GAIN SATURATION
We now address the behavior of the laser when the lumped nature of the mirror losses is properly accounted for, and
Research Article the gain saturates nonuniformly within the cavity. The general solution of Eq. (1) is given in [12] , which we will restate here. It can be deduced from Eq. (1) that the product β zβ − z is independent of z, so we designate the quantity β (1) is expressed entirely in terms of β z, which can then be integrated to yield
where
The subscript i on β is either 1 or 2, and denotes evaluation of the intensity at the left facet (z 0) or right facet (z L), respectively. Note that Eqs. (8) and (9) apply to both the FP and ring lasers. For the FP, we use the boundary conditions at the mirrors
together with
to show that β and β 0 0 into Eq. (8), which yields an analytic solution that will be discussed shortly.
In Supplement 1, we discuss two limiting cases for which the total output intensity as predicted by the nonuniform gain saturation theory in Eq. (8) reduces to that of the DLA: (1) small cavity out-coupling and arbitrary intrinsic loss α 0 ; and (2) arbitrary out-coupling and α 0 0 (a surprising result, since the intensity variation in the cavity can be very large yet the DLA still predicts the correct output power [19] ). In what follows, we will focus on the case of large out-coupling and large intrinsic loss, for which the predictions of the nonuniform gain saturation theory deviate significantly from those of the DLA.
A. Ring Laser
Unlike the FP, the equations for the unidirectional ring laser can be solved for an explicit expression of the output power. The existence of this solution (but not its expression) was stated in [12] . Starting from Eqs. (8) and (9) 
We will explore various limits of Eq. (12) . Close to threshold, the slope efficiency can be found by Taylor expanding the derivative of Eq. (12) with respect to g 0 to first-order in the parameter g 0 − g 0;th ∕α 0 α m , which gives
(We have also only retained terms to first-order in α 0 L for simplicity, although the following conclusions hold for large α 0 L.) At threshold (i.e., g 0 g 0;th ), the slope efficiency is given by the first term of Eq. (13), which is the same as the prediction of the DLA in Eq. (4). However, while the DLA predicts a constant slope efficiency above threshold, in fact the slope efficiency decreases as g 0 increases past g 0;th as given by the second term of Eq. (13) . Note that the term in large parentheses is always positive for 0 < R < 1.
As g 0 continues to increase, the slope efficiency asymptotically approaches a constant value, which we can see by Taylor expanding Eq. (12) in the high-gain limit g 0 ≫ g 0;th (without making any assumption about α 0 L), which gives β out ring j g≫g 0;th
is an effective threshold that would be found by linearly extrapolating the power output at high gain back to the g 0 axis.
We will refer to the derivative of Eq. (14) with respect to g 0 as the asymptotic slope efficiency, which is clearly independent of (solid), the DLA prediction exceeds the allowable maximum output of the ring laser above a certain gain. Therefore, we can expect the actual output β out ring to qualitatively follow the dotted curve. Inset, parameter ranges of α 0 L and R that result in such a violation, namely, those which satisfy Inequality (7), are shaded in light blue.
Research Article g 0 . In the limit of moderate to large intrinsic loss, expα 0 L ≫ 1, and arbitrary R, Eq. (14) 
which is recognizable as β out;max ring of Eq. (6). Thus, we see that for moderate to large α 0 L, at high gain the intracavity intensity reaches its limiting value β max , so the output intensity follows β out;max ring , as illustrated by the dotted line in Fig. 2 . For smaller α 0 L that does not satisfy expα 0 L ≫ 1, the output intensity requires the full Eq. (14); in this case the intracavity intensity never grows sufficiently to approach β max , but the asymptotic slope efficiency is nevertheless smaller than the DLA slope efficiency.
To understand quantitatively how much the asymptotic slope efficiency differs from the near-threshold slope efficiency, let us look at the ratio of the slope efficiency in the high-gain limit [slope of Eq. (14)] to the slope efficiency at threshold [the first term of Eq. (13), which is the same as the slope efficiency predicted by the DLA]. This ratio is plotted in Fig. 3 as a function of R for five different values of the product α 0 L. As expected, the discrepancy between the asymptotic and threshold slope efficiency is greatest for small R and large α 0 L. The effect of α 0 L can be understood with recourse to Fig. 2 : as α 0 increases the slope of β out;max ring decreases, and as L increases the slope of β out DLA increases. In either case, an increase in the product α 0 L widens the disparity between the asymptotic and threshold slope efficiency.
Finally, while the asymptotic output intensity was derived in the limit g 0 ≫ g 0;th , it turns out that this is not a very stringent limit. For a full quantitative analysis, see Supplement 1. Here we emphasize the conclusion of that analysis: the full solution in Eq. (12) closely approaches the asymptotic solution in Eq. (14) when g 0 is only a few multiples of g 0;th , and often when g 0 is even smaller. This is significant because in some lasers, such as QCLs, g 0 can never exceed more than a few multiples of g 0;th , and so this asymptotic regime is still experimentally accessible. Second, as α 0 L is increased at fixed R, the asymptotic regime is reached at ever smaller values of g 0 . This trend can also be understood easily with recourse to Fig. 2 : note that the gain-intercept of β out;max ring is α 0 while the laser threshold is α 0 α m . As α 0 L increases at fixed R, the intercept α 0 approaches α 0 α m , and so the laser must enter the asymptotic regime sooner after threshold. Let us consider one numerical example: for α 0 L 10 and R 0.25, the asymptotic slope efficiency is 62% of the threshold slope efficiency (see Fig. 3 ), and the asymptotic regime is reached once g 0 ≥ 1.4g 0;th (Supplement 1). This example will be extended to the FP laser in the next section.
B. Fabry-Perot Laser
The maximum output intensity of the ring laser β out;max ring in Eq. (6) was derived by assuming that the intracavity intensity reaches β max at the out-coupling mirror. Similarly, the maximum output intensities of the symmetric and maximally asymmetric FP lasers are
For the maximally asymmetric FP, the reflectivity of the left mirror is unity and the other is R 2 R 2 . The denominators 1 R and 1 R 2 in Eqs. (17) and (18), respectively, arise from the need to transform the total intensity β max into the right-traveling component β 2 , which is then multiplied by the transmissivity 1 − R (and a factor of 2 for the two mirrors) or 1 − R 2 , respectively. Inequalities similar to Inequality (7) can easily be written down using Eqs. (17) and (18) , which then serve as useful indicators for when to be wary of the DLA solution for FP lasers.
Since we cannot analytically examine the output power of the FP laser as we did for the ring laser, we consider a concrete example for which α 0 20 cm −1 , L 0.5 cm, and R 0.25, and solve numerically for the output power. (These are representative values for a QCL with emission wavelength between 8 and 12 μm [25] ). In Fig. 4(a) , the total output intensity β out as a function of g 0 is shown for three lasers: (1) symmetric FP with R 1 R 2 0.25, (2) maximally asymmetric FP with R 1 1 and R 2 0.25 2 0.0625, and (3) ring laser with R 0.25. According to the DLA, all three lasers should have the same output intensity, and this curve is plotted as well. The maximum output intensity for each laser, given by Eqs. (6), (17) , and (18), is plotted in dashed lines. In the inset of Fig. 4(a) , the slope efficiency of each laser is shown alongside the derivative of β out;max ; for every laser, the slope of β out;max is less than the slope efficiency of the DLA, which means the curve β out;max will fall beneath β out DLA above some value of g 0 . This is clearly seen in Fig. 4(a) for the ring and asymmetric FP, and occurs outside the plotted domain (at g 0 212 cm −1 ) for the symmetric FP. We see that all three lasers have the same slope efficiency at threshold, and the value is correctly predicted by the DLA. (For the ring laser we already proved this fact in the previous section). As the gain increases, the slope efficiencies of all three lasers decrease, as they must because once the asymptotic regime is reached the slope Research Article efficiency must be less than the slope of β out;max . In the asymptotic regime, the symmetric FP has the largest slope efficiency (96% of threshold value), followed by the asymmetric FP (72% of threshold value) and then the ring (62% of threshold value). In this example, the DLA is not a bad approximation for the symmetric FP because β out;max sFP does not violate β out DLA over a large range of gain. However, the DLA does not provide accurate output intensities for the asymmetric FP and ring, for which the limiting effects of β out;max aFP and β out;max ring are stronger and occur soon after threshold.
Another way to understand the output power of the lasers in Fig. 4(a) is shown in Fig. 4(b) : here, the intracavity intensity at the right mirror (where it is a maximum), β 2 β − 2 , is normalized to β max and plotted as a function of g 0 . Note that the normalization factor β max is itself an increasing function of g 0 . In the ring laser and asymmetric FP, shortly after threshold the total intensity at the right mirror quickly approaches β max .
To be exact, in the asymptotic regime the intracavity intensities approach 0.99997β max and 0.99987β max in the ring and asymmetric FP, respectively. In the symmetric FP, the total intensity at the right mirror asymptotically approaches the slightly smaller value of 0.974β max , although for larger values of α 0 L it can be shown to also approach β max . Thus, for sufficiently large α 0 L, Eqs. (6), (17) , and (18) do not provide merely an upper limit, but rather a good approximation of the output intensity in the asymptotic regime. What do we mean by sufficiently large α 0 L? For the ring laser we previously showed the necessary condition to be expα 0 L ≫ 1, but for the FP this is not easy to answer without numerical calculation. As a general trend, however, the ring laser always has the largest intracavity intensity at the out-coupling mirror, followed by the asymmetric FP and then the symmetric FP. Thus, the symmetric FP requires the largest amount of loss α 0 L in order for the intensity to reach β max , followed by the asymmetric FP and then the ring. To explain this, it helps to plot the intracavity intensity along the entire length of the cavity, as shown in Fig. 5 for the same laser parameters as used in Fig. 4 . In the symmetric FP, the left-and right-propagating waves have the most similar intensities at each position; the cross saturation of the two waves hinders the growth of each and prevents the total intracavity intensity from reaching β max . In the asymmetric FP, β (which travels from the HR mirror to the lowerreflectivity mirror) is much more intense than β − . Therefore, β − does not cross-saturate β significantly, which allows β to grow quickly. As a result, we see that the total intensity closely approaches β max . In the ring laser, the absence of β − allows β to grow even more quickly at small z and approach the limit β max well before it reaches the right mirror (see Supplement 1 for a mathematical discussion of the intensity variation in the various cavities). The key point is that cross-saturation in the symmetric FP reduces the total intracavity intensity. However, for large enough α 0 L, even this mechanism does not prevent the intensity from reaching β max .
OTHER APPLICATIONS
The DLA overestimates the increase in output power that can be achieved by increasing the length of the laser. As a practical example, we consider an asymmetric FP QCL with α 0 15 cm −1 , high-reflectivity (HR) coating on one facet R 1 1, and low-reflectivity (LR) coating on the other R 2 0.01 (an achievable value with current mid-infrared coating technology) to increase the single-ended output power. In practice every laser has a maximum achievable gain g 0 , so suppose our goal is to maximize the output power at g 0 40 cm −1 . In Fig. 6 , the output power β out vs. g 0 is plotted for two such lasers, one with L 4 mm and one with L 5 mm, for both the DLA and nonuniform gain saturation theory. In the DLA, the longer laser outputs 12% more power at g 0 40 cm −1 (β out 2.40 instead of 2.13). In reality, however, the longer laser can be expected to output only 3% more power (β out 1.59 instead of 1.54). The reason for this small increase is that the 4 mm laser is already emitting close to the maximum possible intensity β out;max asym of Eq. (18) , also plotted in Fig. 6 , so increasing the length of the laser will The maximum output intensity is shown in correspondingly colored dashed lines. Inset, slope efficiencies of the curves (i.e., first derivatives), together with the corresponding slopes of β out;max for each laser; (b) intracavity intensity at the right facet, β not increase the output significantly. In this example, a 25% increase in the length of the cavity results in only a 3% increase in power output, which clearly leads to a significant decrease in the wall-plug efficiency. More generally, for lasers with large intrinsic loss there is an optimum length beyond which the wall-plug efficiency will decrease.
The output intensity of a laser is maximized for a particular end mirror reflectivity, and this optimal reflectivity will be significantly miscalculated when using the DLA. Note that Rigrod provides analytic formulas that account for nonuniform gain saturation to approximate the optimal reflectivity [12] , but the formulas become less accurate for lasers with large intracavity intensity variation. This is the case for the asymmetric FP and ring, so here we will calculate the optimum numerically. As before, let us consider α 0 15 cm −1 , R 1 1, and L 4 mm, though now our goal is to find the optimum reflectivity R 2 that maximizes the power output at g 0 40 cm −1 . The nonuniform gain saturation theory predicts an optimum reflectivity R 2 5.4 × 10 −3 leading to β out 1.54. The DLA predicts an optimum reflectivity R 2 5.0 × 10 −4 , nearly 1 order of magnitude smaller. Using a coating with the DLA optimum reflectivity would result in β out 1.50, which is only a 2.6% reduction in output power relative to the true optimum. This is a small difference, but the importance of this example is that the optimal coating reflectivity is 1 order of magnitude larger than predicted by the DLA. This is important for active research in LR mid-infrared coatings: for the purpose of maximizing laser output power, we do not need to aim for reflectivities as low as we had thought.
One final application concerns laser characterization. The ratio of the experimentally measured slope efficiencies of two lasers, identical except for their facet coatings, whose reflectivities are known, can be used to determine the value of α 0 by comparison with the DLA slope efficiency formula [26] . In such cases, the result can be skewed if one of the lasers is highly asymmetric, and a preferable method to determine the distributed loss would be to vary the cavity length L while maintaining the cavity symmetry R 1 R 2 (or use the threshold values Research Article rather than the slope efficiencies, which are unaffected by the degree of symmetry of the cavity). Note that the results of [26] are not affected by this phenomenon because in their case one of the lasers had a HR facet and a bare facet, as opposed to a LR facet. Based on numerical calculations we have done, this would not have been enough asymmetry to affect their results by an experimentally significant margin.
CONCLUSION
The uniform gain saturation treatment of a laser effectively replaces the transmission of light at the end mirrors with an outcoupling mechanism distributed throughout the cavity. We referred to this as the DLA, and showed that it is a good approximation to the nonuniform gain saturation treatment when the out-coupling is small or when the intrinsic loss of the gain medium is zero. When the intrinsic loss is not zero, there is a maximum attainable intracavity intensity β max at which the number of photons generated by stimulated emission per unit length is equal to the number of photons absorbed or scattered by the intrinsic loss per unit length. When the intensity in the laser nears this maximum, the DLA overestimates the power that can be coupled out of the cavity. The result is that the output power grows sublinearly with the pump power, in stark contrast to the famous linear relationship derived in the uniform gain saturation approximation. We provided simple formulas in terms of α 0 L and R (applicable to all ring and FP lasers) to help determine the magnitude of the output power discrepancy between the DLA and the nonuniform treatment. The deviation is greatest for traveling-wave lasers and highly asymmetric FP lasers.
While our derivation explicitly treats only single-mode lasers and neglects SHB, in fact we expect the sublinear power output to be a quite general effect. To be completely rigorous, the standing-wave effects of SHB should be accounted for, and in a multimode laser the gain cross-saturation of each frequency on the others complicates the mathematics significantly. Therefore, the value of β max for each mode will be different and difficult to calculate. Nevertheless, the limiting effect of β max will be small near threshold and substantial far above threshold, as we have shown. This is the essential ingredient for a sublinear power output.
Our assumption of uniform small-signal gain g 0 along the length of the laser is a common one. In electrically injected lasers, this assumption relies on a uniform current injection. This is not necessarily the case in highly efficient lasers, if the electrical resistance of the laser decreases significantly with an increasing rate of stimulated emission. In such a laser, the current density would concentrate in the regions where the gain is most highly saturated. This effectively delivers electrons to where they are needed most, and would oppose the limiting influence of β max . One could also intentionally deliver more current to the region of highest intensity using multiple electrical contacts [20] , or taper the waveguide width to dilute the optical intensity and prevent it from nearing β max [20] . Both strategies would mitigate the sublinear power output.
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